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Abstract. We show the existence of continuous viscosity solutions to the equation describing the flow of 
a graph in the Carnot group Gxl according to its horizontal Gauss curvature. In doing so, we prove a 
comparison principle for degenerate parabolic equations of the form ut + F(Dou, (Dqu)*) = for u defined 
on G. 



(1.1) 



1. Introduction 

In the Euclidean setting, there has been extensive study of the evolution of surfaces by their Gauss 
curvature (see [32], [35], [38], [39], [2], [T7], [E], [37]). For a flow of surfaces parameterized by x : M"x[0,T] -> 
M" +1 , such an evolution is described by 

d t x(s,t) — —K(s,t)n(s,t) 
x(s, 0) = xo 

where K is the Gauss curvature of the surface M t — x(M n , t), n(s, t) is the outer unit normal at x(s, t) and 
xo describes the initial surface. In 1974, W. J. Firey [18] proposed this flow as a model for the changing 
shape of a tumbling stone. Assuming some existence and regularity of solutions, he showed that surfaces 
which are convex and symmetric about the origin contract to points. K. Tso [37] resolved the existence and 
regularity aspects by showing that Ijl.ip has a unique smooth solution for a maximal time interval [0, T) 
when the initial surface is smooth, closed and uniformly convex. Building on the results of Tso, B. Andrews 
[2] generalized Firey's result to surfaces which are not necessarily symmetric but simply convex. During this 
time, Y.-G. Chen, Y. Giga and S. Goto [10J, and independently L. C. Evans and J. Spruck [17], developed 
a new approach to describing the evolution of surfaces which flow according to functions of their principal 
curvatures. By considering the surfaces as level sets of a function, they could describe the flow using a 
scalar partial differential equation instead of the system of PDE which results from the parameterization 
described above. Following this level set method, P. Marcati and M. Molinari [33] reduced the problem of 
the Gauss curvature flow to showing the existence, uniqueness, and regularity of so-called viscosity solutions 
to a degenerate parabolic partial differential equation. Such notions of solution provide for the existence and 
description of a solution past singularities which may develop in the surface flow. 

In recent years, viscosity theory has been extended to include solutions to equations defined on more 
general spaces such as the sub-Riemannian Carnot groups, each of which can be thought of as a limit of 
Riemannian manifolds (see [5], [4], [40], [41] [5], [6]). Curvature flows in this setting, in particular the mean 
curvature flow, have even been found to have applications to digital image reconstruction and neuroscience 
([13J, |22J). For the extension of the Gauss curvature flow problem to the setting of Carnot groups, the 
Riemannian Gauss curvature is substituted with the so-called horizontal Gauss curvature which is built by 
taking into account only the principal curvatures corresponding to horizontal tangent directions (see p~5] . [9j ) . 
In this setting, it is natural to begin with the case when the surface is given by the epigraph of a function 
u : G — > M, the evolution which is described by 

{ u(p,Q) = u (p) 

where K(p,t) is the horizontal Gauss curvature, Dqu is the horizontal gradient of u, {D^u)* is the sym- 
metrized horizontal Hessian of u, no is the normal to the surface projected onto the horizontal space V 1 , mi 
is the dimension of V 1 , and uq is used to describe the original surface. Recall that the theory of viscosity solu- 
tions relies on the ellipticity (or coercivity) of F(D^u, (Dqu)*) = — t====L ^ i r , i.e. F(r), X) < F(rj, y) 

(t/i+I-Do"! 2 ) 
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whenever X,y £ S mi (R), y < X and S' mi (IR) denotes the set of all mi x mi real symmetric matrices. 
However, we see immediately that F(r), X) = — . dctx _ 1 1 on iy satisfies this property if X is positive 

(V 1 +i i 'i 2 ) 

definite. Because of this, we will instead show the existence of continuous viscosity solutions to the following 
modified problem: 



(1.3) { 17 (vi+iD «r v 



u(p,Q) = u (p) 

where det+A = J}™^ max{Ai, 0} and {A^} denotes the eigenvalues of X. In the Euclidean setting, it has 
been shown (see [llj . (33], [37j, [1]) that a strictly convex surface which flows according to its Gauss curvature 
remains strictly convex. Thus, if the initial surface is strictly convex, the modified problem is equivalent to 
the original Gauss curvature flow problem. In Section 4, we will show that the same is true for the Carnot 
group setting when we replace Euclidean convexity with the appropriate notion of convexity for Carnot 
groups, known as weak H-convexity (see Section 4.2 for details), and add some extra hypotheses concerning 

wo- 
rn recent years, some progress has been made in proving the existence and uniqueness of viscosity solutions 
to certain degenerate elliptic evolution equations in Carnot groups. For example, existence and uniqueness 
results have been shown by L. Capogna and G. Citti [7\ for the mean curvature flow equation. T. Bieske |6j 
proved a comparison principle, and via Perron's method, existence and uniqueness results for solutions of 
degenerate parabolic equations which are defined on bounded domains in the Heisenberg group and satisfy 
certain uniform continuity conditions. In [4], F. Beatrous, T. Bieske, and J. Manfredi proved an analogous 
comparison principle for degenerate elliptic equations generated by vector fields. As an exercise, and to more 
clearly present the main results of this paper, in Section 3 we will first use a combination of these methods 
to extend the results in [6] and [4] to degenerate parabolic equations on Carnot groups. However, even these 
theorems will require the domain on which the sub- and supersolutions are defined to be bounded and F to 
be admissible, i.e. F must satisfy certain uniform continuity conditions. We immediately see that because 
of this, these results cannot be applied to the horizontal Gauss curvature flow equation. 

Recently, C.-Y Wang [40] used a careful application of Jensen's maximum principle to the sup/inf con- 
volutions of the sub- and supersolutions to prove a comparison principle for subelliptic equations on Carnot 
groups which do not necessarily satisfy any uniform continuity conditions. However, he still required that the 
sub- and supersolutions be defined on bounded domains. In the Euclidean setting, H. Ishii and T. Mikami 
|26| used this same idea along with the additional requirement that the sub- and supersolutions possess cer- 
tain growth conditions at infinity to prove a comparison principle for unbounded domains. By combining the 
ideas in these two papers, in Section 3 we will prove a comparison principle that can be applied to sub- and 
supersolutions of the horizontal Gauss curvature flow equation defined on unbounded domains. Combining 
this comparison principle with Perron's method will then yield the desired existence of continuous viscosity 
solutions. 

2. Carnot Groups 
In this section we introduce Carnot groups and summarize their basic properties. 

Definition 1. Let G be a Lie group and g its corresponding Lie algebra. & is a stratified nilpotent Lie group 
of step r > 1 if admits a vector space decomposition in r layers 

g = V 1 © V 2 © • • • © V 

having the properties that [V 1 , V^] = V J+ , j = 1, . . . ,r — 1 and [V 3 , V r ] = 0, j = 1, . . . , r. 

Let nij — dim(V J ') and let Xij denote a left-invariant basis of F J where 1 < j < r and 1 < i < irij. The 
dimension of G as a manifold is m = mi + TO2 + • ■ • + m r . For simplicity, we will often set Xt = We 
call the {Xi} horizontal vector fields and call their span, denoted HG, the horizontal bundle. We call the 
{Xij}2<j< r vertical vector fields and call their span, denoted VG, the vertical bundle. Then TG = HG®VG. 
We also define n = m2 + ■ ■ • + m r . 

Let g be a Riemannian metric on g with respect to which the V j are mutually orthogonal. An absolutely 
continuous curve 7 : [0, 1] — ► G is horizontal if the tangent vector j'(t) lies in V 1 for all t. The Carnot- 
Caratheodory metric is then defined by 
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-1 /mi \ 

dccfaq) = inf ^ \J2 <7'W,^l 7 (t))g dtj 



1/2 




where the infimum is taken over all horizontal curves 7 such that 7(0) = p, 7(1) = q and (v) s denotes the 
left invariant inner product on V 1 determined by g. 

Definition 2. Let & be a simply connected Lie group with Lie algebra g and a Carnot Caratheodory metric 
dec developed as above. Then the pair (G, dec) is a Carnot group. 

Note. By a standard abuse of notation, we will refer to G as the Carnot group, implying its association 
with dec- 

As the exponential map exp: g 1— > G is a global diffeomorphism, we can use exponential coordinates on G. 
In this way, a point p € G has coordinates p.y for 1 < i < rrij, 1 < j < r if 

(r raj 

In this setting, the non-isotropic dilations are the group homomorphisms given by 

r rrij \ r irij 

K j=l i=l ) j=l i=l 

where s > 0. 

Using these coordinates an equivalent distance on G is the gauge norm given by 

(r I rrij 
j=i \i=i 

(Note that typically | ■ \ g is only a quasinorm rather than a true norm, i.e. the inequality \pq\ g < \p\ g \q\ g 
must be replaced with \pq\ g < C\p\ g \q\ g for some constant C < 00.) Then we have 

d g {p,q) = |<T Vis- 
Using this distance we define the gauge balls B(p, r) = {x G G | d g (p, x) < r}. We also have \B(p, r)\ — war® 
where \B(e, 1)| = wc, e is the group identity and Q — J2k=i ^ m k is the so-called homogeneous dimension of 
G (see p]). 

Example 1. Euclidean Space E" 

The simplest example of a Carnot group is Euclidean space, E" ~ (R n , | • | ), which is a Carnot group of step 
1. 

Example 2. The Heisenberg Group H n 

The simplest example of a non-abelian Carnot group is the Heisenberg group, H", which is a Carnot group 
of step 2. It is the Lie group with underlying manifold M. 2n x R endowed with the non- commutative group 
law 

(X, X 2 n+l)(x', x' 2n+1 ) = (X + X, X 2n +1 + x' 2n+1 + 2[x, x']) , 

where x,x' <G R 2 ™, X2n+i,x' 2n+ i G R, and [x,x'] — J27=i( x ' iXn + i ~ x i x 'n+i)- The vector fields X^i = 
d Xt - ^x n+i d X2n+1! X l+ , h i = d Xn+l + \x t d X2n+1 , for i = l,...,n and Xi,2 = d X2n+1 form a left-invariant 
vector basis for the Lie algebra ofW 1 . Its Lie algebra 1) can be written as the vector sum I) = V 1 © V 2 , where 
V 1 = Span{X\_\, . . . , X2n,i\ and V 2 = Span{Xi^} ■ 

Example 3. H-type Groups 

A Carnot group G is said to be of Heisenberg type, or of H-type, if the Lie algebra g is of step two with 
g = V 1 V 2 and if there is an inner product (•, •) on g such that the linear map J : V 1 — > EndV 2 defined by 
the condition 

(2.1) (J z (u),v) = (z,[u,v}) 
satisfies 

(2.2) J 2 = -\z\ 2 Id 
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for all z € V 2 . The following are consequences of (|2.ip and (|2,2p : 

(2.3) \J z (v)\ = \z\\v\ 

(2.4) (J z (v),v)=0. 

Such groups were introduced by Kaplan in [30]. For more information, we refer the reader to [30j and [21j. 

We will also need the following definition of spaces of continuous functions. 

Definition 3. Let G be a Carnot group. For j, k, I S N, n C G, andT > we let C*''(fi x (0, T)) represent 
the set of functions f : fix [0, T] — > K smc/i i/iai i/ie components of f as well as all of the horizontal derivatives 
up to order k, all of the derivatives along the second layer up to order j , and all of the time derivatives up 
to order I of the components of f are continuous infix (0,T). 

We will also use C k ' 1 in the usual way to denote the set of functions / : fl x [0, T] — ► M having the property 
that the components of / as well as all of the Euclidean spatial derivatives up to order k and all of the time 
derivatives up to order I are continuous. 

Finally we will need the following notation concerning the derivatives of u. Given a function u : Gx[0,T] ^ 
K we consider the (full) spatial gradient of u given by 

D%U = {XijU)i<i<. mj ,l<j<r & K m . 

As a vector field, this is written as 

r m i 

j=l i=l 

The horizontal gradient of u is 

D u=(X i u) 1 < i < mi e R mi , 

or as a vector field 

mi 

We will also write 

Dm = {X ly2 u)i<i< m2 

for the gradient along the second layer, 

D\u = (XiXjU)i<i< mi 

for the second order derivatives corresponding to V 1 , and (D 2 u)* for its symmetric part \(D 2 u + (Dq) t ), 
where A T denotes the transpose of A, We will also always let S mi (K.) denote the set of all mi x mi real 
symmetric matrices. 

3. Viscosity Solutions and Comparison Principles 

In this section we first define the notion of viscosity solutions used in the main portion of this paper. Note 
that other equivalent definitions exist but are not appropriate for the proofs presented here. We refer the 
reader to [34], as well as [4], [32], [6], for more details. 

We will consider parabolic equations of the form 

(3.1) ut + F(t,p, u, D u, D lU , (D 2 u)*) = 

for continuous F : [0, T] x G x R x M mi x R" 12 x S mi (R) -► R. 

Definition 4. Let G be a Carnot group, O C G an open set and Ot =0x(O,T), Let (po, to) € Or- A lower 
semicontinuous function v is a viscosity supersolution of the equation l|3.ip in Ot if for all ip € C x ' (Ot) 
such that u — ip has a local minimum at (po, to) one has 

<Pt(po,h) + F(t ,po, u(po,t Q ), D <f(po, t ),Di(p(p , t ), (I>oV)*(po, to)) > 0. 
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Definition 5. Let G be a Carnot group, O C G an open set and Ot — O x (0,T). Lei (po)*o) € Ct- ^4n 
upper semicontinuous function u is a viscosity subsolution of the equation (|3,lj) in Ot if for all ip £ C x ' (Ox) 
smc/i iftai u — ip has a local maximum at (po,to) one has 

<Pt(po>to) + F(t ,p , u(p ,t ), D tp(p Q , t Q ),D 1 ip(p , t ), (I>oV)*(PO) *o)) > 0. 

Definition 6. A function u is a viscosity solution of l|3.1j) if 



is a viscosity subsolution and 



**(P, *) : = limsup{u(g, s) : |g Vis + \s -t\<r} 

rj.0 



u*(p,t) := liminf{u(g, s) : \q x p\ g + \s -t\<r} 

rlO 

is a viscosity supersolution. 

As in the Euclidean setting, each of the above definitions has an equivalent form stated in terms of 
parabolic semi-jets. More details can be found in |34J. 
To proceed, we need the following definitions. 

Definition 7. Let G be a Carnot group and O C G an open set. A continuous function 

F : [0,T] x 6 x R x K" 11 x R" 12 x S mi (R) -> R 

is degenerate elliptic if 

F[t,p,r,r } ,Z,X)<F(t,p,s,r ] ,Z,y) 

whenever y < X , r < s. 

Note. We will call the equation ut(p, t) + F(t,p, r, rj, £, X) = degenerate parabolic if F is degenerate elliptic. 
Definition 8. Let G be a Carnot group and O C G an open set. A degenerate elliptic function 

F : [0,T] x 6 x R x R mi x R'™ 2 x S mi (R) -> R 
is admissible if there exist a > and : [0, oo] — > [0, oo] with u>i(0+) = so i/iai F satisfies 

\F(t,p,r,7 1 ,Z,X)-F{t,q,r,r 1 ,Z,X)\ < u>i(\q- X p\ g ) 
^{t^r^+^X-F^p^-^X)] < uj 2 (\ v + - v -\) 

\F(t,p,r,r 1 ,Z + ,X)-F(t,p,r,r),C,X)\ < u 3 (\t+~C\) 
\F(t,p,r,r } ,t,X)-F(t,p,r,r 1 ,Z,y)\ < w 4 (||^-y||) 



for each fixed t and where \\B\\ = sup{|A| : A is an eigenvalue of B}. 

In [4], Beatrous, Bieske, and Manfredi prove the general vector field analogue of the Euclidean comparison 
principle ([14, Theorem 3.3]) for admissible PDE on bounded domains. In other words, they prove a com- 
parison principle for when the vector fields {d Xl , . . . , d Xm } are replaced by an arbitrary collection of smooth 
vector fields S and the equation F(x, u(x), Du, D 2 u) = is replaced by 

F(x,u(x),D$u, (D%u)*) = 

where F is admissible. Manfredi [32] showed that such a comparison principle still holds when we consider 
instead 

F(x, u(x),D u, D lU , (Dqw)*) = 0. 
In [6], Bieske extended Manfredi's work to parabolic equations of the form 

Ut + F(t,p, u, Dqu, (Dqu)*) = 

for u : ft x (0, T) — *■ R, fi C H" and F admissible. It is straightforward to extend these proofs to the case 
when the equation is degenerate parabolic and u : ft x (0, T) —t R, il C G bounded. Following the proofs 
in [4], [32] ,0, and [6J, we use the Euclidean parabolic maximum principle to obtain Euclidean parabolic 
semi-jets and then "twist" and restrict them appropriately to obtain subriemannian parabolic semi-jets and 
thus viscosity sub/super solutions. For the full details of the proof of this theorem, Theorem [H please see 
[34] . Note that this proof requires the definitions of viscosity sub/super solutions to be given in terms of 
semi-jets but that these definitions are equivalent to the ones given above. 
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Theorem 1. Let G be a Carnot group, O C G be a bounded domain, Ot = O x (0,T) wii/i T > 0, and 
ip G C'(O). If u is a viscosity subsolution and v is a viscosity supersolution to 

( (E) u t + F(t,p,u,D u,Diu,(D%u)*) = inO T , 

(3.2) < (5Cj u(p, t) = /or < t < T and p € 9(9, 

[ (7C7J u(p,0) = ib(p) forpeO 

where F is admissible, then u < v on O x [0, T). Here, as in [14], 6?/ a viscosity subsolution to (|3.2p on 
x [0, T) we mean a function u that is a viscosity subsolution to (E) such that u(p,t) < for < t < T, 
p G dO and u{p, 0) < ip(p) for p € O. We define the notions of supersolution in the same manner. 

For the Gauss curvature flow equation, however, it is necessary to consider a function F which is not 
admissible. In particular, 

9 det {{Dlu)*) 

(3.3) u t + F(D Q u, {Dlu)*) =u t - U ^ f — = 

(V 1 + \D u\- 
where F does not satisfy 

\F( v ,x)-F(r 1 ,y)\<u,(\\x-y\\). 

Further, we would like to consider PDE which are defined on all of G, not just those defined on a bounded 
domain O C G. However, the technique of constructing the subriemannian parabolic jets from Euclidean 
jets cannot be extended to include this situation. The Euclidean parabolic comparison principle (see [14} 
Theorem 5.1, Theorem 8.3]) yields X, y € S m such that X and y are the second order parts of the Euclidean 
sub- and superjets, respectively, and 

* ° N W \ ! |+3e/ 



o -y ) - \ -i i 

for a large and e small. "Twisting" the matrix 3e7 poses a problem because the domain is unbounded. As 
the elements of the change of basis matrix which takes {d Xl , . . . , d Xm } to J are unbounded, the right hand 
side of the "twisted" form of the above inequality may go to infinity despite letting e — > 0. As the proof of 
Theorem Q] relies heavily on the right hand side remaining bounded for each fixed a as e — > 0, the proof fails 
in this case. 

To resolve these issues we use a different approach to the proof. In [40], Wang proves a comparison 
principle for fully non-linear subelliptic equations which are defined on a bounded domain but not necessarily 
admissible. The strategy for the proof relies first on the existence of a strict viscosity supersolution to f|3.3|) 
which can be constructed by perturbing any given viscosity supersolution ([4Ql Lemma 2.1]). The sup 
convolution of the viscosity subsolution u and the inf convolution of the strict viscosity supersolution v f [40l 
Definition 3.1]), denoted u e and v e respectively, are then used to construct functions w e (u e ,v e ) to which 
Jensen's maximum principle ([23 Lemma 3.10],[T0l Lemma 3.4]) is applied. This yields the existence of a 
sequence of points at which the functions w e are in C^' 1 and have a local maximum. Using the relationships 
between the derivatives of u e and the derivatives of v e at the local maxima along with the fact that u e is a 
subsolution and v e is a strict supersolution ( \40\ Proposition 3.3]) yields the result after taking appropriate 
limits. These constructions allow for the lack of admissibility of F, though they still require that F be 
degenerate elliptic. For the parabolic proof, we follow the same overall strategy except we will perturb the 
given subsolution to construct a strict subsolution. 

To extend this proof to the case when fl = G we need u and v to possess appropriate bounds at infinity. 
For this we adapt the proof of [25l Theorem 1] to the Carnot group case and prove the following: 

Theorem 2. Let G be a Carnot group. Suppose that F : I" 1 ' 1 x S mi (WL) — » K is continuous, degenerate 
elliptic and is such that if u(x,t) is a subsolution then fiu(x,9t) is a subsolution of 

(3.4) u t + F(D u,(D 2 u)*) = 

for 6 e (0, 1) , n e (0, 1) satisfying 9^^-^ < 1. Let h Q : G -> M be such that h G C*(G) and 

(3.5) h (x) > e \x\f - Vx G G 

for some eo > 0. Suppose u is a viscosity subsolution and v is a viscosity supersolution to Q3.4p on G x [0, oo) 
such that 

u(x,0) < v(x,0) Vie G G 
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and that for each T > 

(3.6) sup (\u(x,t) — h (x)\ + \v(x,t) — h (x)\) < oo. 

(x,t)eGx[0,T] 

Then 

(i) for any 9 £ (0, 1) the inequality u{x, 9t) < v{x, t) holds for all {x, t) 6 G x (0, oo) 

(ii) if we assume instead that u is continuous in t then u < v on G x [0, oo) 

(iii) or for more general viscosity solutions, if we assume that ho <E C 2 (G) and 

det+D 2 h (x) < C(l + \D Q h (x)\ 2 Y mi+1)/2 Vie G 

for some constant C > and that for each e > there exists a constant R = R(e) > such that for 
all x £ G, if \x\ g > R then 

u(x, 0) — e < ho(x) < v(x, 0) + e, 

then u < v on G x [0, oo). 
Proof, (i) Fix 6 S (0, 1) and T > 0. We need to show that 

(3.7) u{x, 6t) < v{x, t) V(x, i)eGx [0, T). 
Define 

ug(x, t) :— u{x, 9t). 

Let /i € (0, 1) be such that 6 , /i~( mi ~ 1 ' 1 < 1. By assumption fiug is also a viscosity subsolution. In order to 
show l|3.7p it is enough to show that for all fi £ (0, 1) such that Ofi^ 1 -" 11 ^ 1 ) < 1 we have 

(3.8) [me < v on G x [0, T) 
By l|3.5p . there exists Co > such that 

\u{x,t) - h (x)\ + \v{x,t) - h (x)\ <C VieGx [0,T). 

From this we have that 

fiu e (x,t) < n(h (x)+C ) 

< v(x,t)-h (x) + Co+n{h {x)+Co) 

< v{x,t) + (1 + n)C - (1 - ^)e a \x\ g 

< v(x,t)-(l-n)eo\x\f'-+2C . 

Therefore, there exists R > such that if \x\ g r] > R 2r] then 

v(x, t)-(l- n)eo\x\l r { + 2C < v{x, t). 

Thus 

Hu e (x,t) < v(x,t) on (G\B{0,R)) x [0,T). 
Now it remains to be shown that 

ixu g {x,t) < v(x,t) on 5(0, R) x [0,T). 
To obtain a contradiction, suppose that 

(3.9) SUp ([lUg — v) > 0. 

B(0,.R)x[0,T) 

To simplify the notation, from now on we will write 

w = iiuq. 

Consider w = w — instead of w. Then w is a viscosity subsolution and we recall that this implies that 
if we can show our claim for 

f w t + F{D w, (D 2 w)*) < -S < 

\ lim t _,T w(x, t) = — oo uniformly on B(0, R) 

taking the limit as 5 — * will yield the desired result. 
Since we have that 

w < v on 3B(0, R) x [0, T) 
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and 

sup (w — v) > 

B(0,fl)x[0,T) 

we must have 

max (w — v) < < sup (u> — w). 

9B(0,_R)x[0,T) B(0,R)x[0,T) 

Further, recall that 

u(x,0) < v(x,0). 

Thus by the definition of w, 

w(x,0) < v(x,0). 

Therefore, we actually have 

max (w — v) < < sup (w — v). 

dB(0,R)x[0,T) B(0,fi)x(0,T) 



Let e > and define for (a;, t) e 5(0, R) x [0, T) 



u) e (z,t) = sup {^(y,s)-^-(|j/-^|f ! + |t-s| 2 ) 

(y,s)£B(0,R)x[0,T) L Z£ 

and 

= _Jnf_ {%,*) + ^-(Irtf + |t-s| 2 ) 

(y,s)£B(0,R)x[0,T) I *C 

By [HI Propsition 2.3] we have that w £ , — w e are semi-convex, w e , —v e are Lipschitz with respect to |-| g + |-|, and 
w e -> w, w £ -> u pointwiseas e -> 0. Further, if we define 5 = max{||t«|| I ,«»( B ( 0)fl ) X (o ! T)), IMU°°(b(o,.r)x(o,t))} 



(which we know exists by (|3.6p ) and 



B(0,R) (1+2Ro)e = {xe 5(0,5) : inf : jy-^lf > (1 + 25 )e} 

yEoB(0,R) 

[0, T) (1+2J?o)e = {i G [0, T) : inf : \t - s\ 2 > (1 + 25 )e} 

sG{0,T} 

then we have that w e ,v e are viscosity sub- and supersolutions, respectively, on 5(0, i?)(i+2_R )e x [0, T)(i+2_r ) £ - 
Now let dB T = (95(0, 5) x [0, T]) U (5(0, 5) x {0}) and recall 

max(u> — v) < < a < sup (w — v). 

9Bt B(0,R)x(0,T) 

Therefore, there exists (x,t) 6 5(0,5) x (0,T) such that 



sup (w-v) = (w- v)(x,t) >(w- v){x,t) V(x,t) G 5(0,5) x [0,T). 

B(0,R)x(0,T) 



Then for each cr > 0, 

(«,-«)(3f,t) - l(\x- l -x\ 2 g ri + \t-t\ 2 ) 

— (w — v)(x,t) 

> (w — v)(x, t) 

> (w - v)(x,t) - i (Ix^ 1 • x| g + \t- 1 1) 

for (x, t) ^ (of, f ). Therefore, (w — v)(x,t) — ^ (\x _1 ■ x | fl + |t-?|) has a strict maximum at (x,t). Further, 
for a large enough, 

sup (( w - v )^t)--(\x~ 1 -x\f'- + \t-t\ 2 ))>^>0 

B(0,K)x(0,T) V CT / 2 

Since w e , —v e are upper semicontinuous and w e — > u>, t> e — > u pointwise as e — > 0, we have that 
(V - „ e - ± (|x - 1 + |t - 1 1 2 ) - max ((« -v)-± Qs^-x^ + \t-t | 2 ) )) + 
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converges monotonically to pointwise on 3Bt as e — > where 

f+(x, t) — max{/(a;, t), 0}. Therefore, by Dini's Lemma, the above convergence is uniform. Then for e small 
enough and a large enough, 















< 







a 


< 




2 


< 





\^.x\f'-+\t-t\ 2 )) 



sup 

B(0,K)x(0,T) 



(w- v -l(\x-i. x \™ + \t-1\>) 



sup ( w e - v t - i ! + \t-t\ 



B(0,fl)x(0,T) 

For the moment, fix er as large as necessary. Thus we have that 



(vf-v. - \{\x-i-x\™ + \t-t\>)) 



B(0,R)x[0,T) v CT 

1 



= ( w e - Ue )«,tf) - ± (Ix-^of + K - 



a 

* 2>° 

where (x^,t^) G 5(0, i?) x (0,T). Now it follows from the fact that w e — v e is Lipschitz continuous and 
(w e — v e ) — > (w — v) pointwise that (ccf,ff) — > (z,t) as e — * 0. Combining this with the fact that 
B(0, R)(i+2Ro)e x [0, T)(i+2_R )e — * 5(0, i?) x (0, T) as e — > yields the existence of e small enough that 
(xfjtf) G 5(0, J?)(i+2R )e x [0, 7 1 )(i+2fi )e- Fix such an e. By the same argument as the one showing w e is 
semi-convex, we see that 

w e (x,t) - v £ {x,t) - -(Ix-^lf + |t - t\ 2 ) 

is semi-convex for each a and each e. By Jensen's maximum principle (see |28[ Lemma 3.10], |10[ Lemma 
3.4]), there exist a sequence {(yp e , sp e )} such that (yp e ,sp c ) — > (x°,t°) as ^ — > oo and a sequence 
{(ap e ,6p e )} satisfying | a^' c | g < j, |&p e | < j such that 

(3.10) w £ {x,t) - v e (x,t) - -(\x- l x\f ! + \t - 1 1 2 )+ < ap \x> g +6p H 



CT 

attains a maximum at (yp e , sp e ) and is twice differentiable (in the Euclidean sense) at (yp e , sp e ). There- 
fore, 

Dw*{y°> £ , S p £ ) = Dv 6 (yf' e ,s°> e ) + ^DQx^ e |f ! ) + D(< ap e ,yp £ >*), 

o 

and 

&vf(vf' e ,*p e ) < r» 2 « e (»p e ,*p e ) + i^d^-^p £ ID- 



Then by [3 Lemma 5.4] 



A)«/( y p e ,sp e ) = D v e (y? e , S p £ ) + ^A>(|5~V' % ri ) + (op e ) ff , 

2 

w t(yp C > S P e ) = K)t(yp e ,sp e ) - bp e + -(sp 6 - 1), 

a 



and 

(5> e (yP e , S p £ ))* < (5 V(yp e , s p £ ))* + 1 (^(IS-^P t r ! ))* 



Jensen's maximum principle gives a ; ' as a vector in the canonical basis. However, since we are on a bounded domain, by 
changing the basis and rescaling, we obtain the a"' k given. 
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By the semiconvexity of w e and —v e and Jensen's maximum principle we have 

1 

e 



< D\ e {y°>\s°>*) + ±D\\x-hV e \ W ) 

< ij+I^-y,^ 
e (j 

1 

< -I + eJ 
e 

since we are working on a bounded domain. Therefore, we also have that 

DgW e (y ; CT: e ,sp e ) and D^v^yf' e ,s°' c ) are bounded above and below since the change of basis matrix A 
is smooth and we are on a bounded domain. Since w e is a viscosity subsolution and v e is a viscosity 
supersolution and both are differentiable at (y°' e , s°' e ), 



and 



2 

™i(% ' ) + 6;' ~ -(S;' -t) 



(i>M»j* e ))* - i (^(lar-V 1 T" ! ))*) > o. 

Combining these and applying the degenerate ellipticity of F 

0<5 < wi(yf' e ,sf' c )+bl' e -^ e -t) 



(^ v( y r e ,v e ))*-^(^o 2 (i-- l yr e r ! ))*J 

(^(sr-'.-r'^'-iWlaf-V"!^)*) 



(i>ot« e (»r e .«r' e ).(^(wr e .«r ,e ))*) 



9 

+ & ; ~-(V -*) 

We then take the limits I, a — > oo of both sides of the inequality. By the continuity of F we may pass the 
limits I, a — ► oo inside. Notice that these limits exist because the corresponding Euclidean derivatives are 
bounded and the change of basis matrix is bounded since we are working on a bounded domain. Thus letting 
tj — ► oo we have a contradiction. This yields (i). 

(ii) Taking the limit at 8 — > 1 in (i) yields (ii). 

(iii) The proof of part (iii) follows exactly as in [25l Theorem 1(b)] with the exception that "mollification" 
is replaced by "left mollification." □ 

Notice that if our domain was bounded instead of all of G, we could use the same proof as above without 
the extra assumptions on u and v to obtain the following: 
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Corollary 3. Let G be a Carnot group. Suppose that Cl C G is a bounded domain and F : M. mi x S rni (R) —> M 
is degenerate elliptic. Suppose that u is a viscosity subsolution and v is a viscosity supersolution to (|3.3|) on 
fi x [0, oo) such that 

u(x,0) < v(x,0) yxen 

and 

u(x, t) < v{x, t) V(x, t) e 90 x [0, oo). 

Then u < v on Q x [0, oo) . 

We will now use Perron's Method to construct viscosity solutions to the degenerate parabolic equation 

u t + F(t,p,u,Dou,D lU , {Plu)*) = 0. 

In order to prove the existence of such solutions, we need the following lemmas, the proof of which follow 
the Euclidean proof in [20] with the modifications that Euclidean derivatives are replaced with horizontal 
derivatives and the Euclidean norm is replaced with the gauge norm. As such, the proof are omitted here. 

Theorem 4. (Follows as in (2Ql Theorem 2.4.3]) Let G be a Carnot group and O C G. Assume that 
F ; [0, T] x G x R x R mi x R ma x S mi (R) -> R is degenerate elliptic. Let h- and h + be a sub- and 
supersolution of 

(3.11) v t + F(t,p, v, D v, £>!«, (!>§»)*) = 

in Ot = O x (Q, T), respectively. If h- < h+ in Or, then there exists a viscosity solution u of i|3.1ip that 
satisfies h- < u < h+ in Ot- 

Notice that Perron's method does not require the use of the comparison principle in order to obtain the 
existence of a viscosity solution to 

(3.12) vt + F{t,p, v, D v, D lV , {D 2 v)*) = 0. 

However, in order to show the continuity or uniqueness of such solutions, we will need the comparison 
principle. When O is bounded, we use the comparison principle given by Corollary [31 

Theorem 5. Let & be a Carnot group and O C G be bounded. Suppose F : R mi x S mi (R) — * R is degenerate 
elliptic. Suppose f and g are sub- and super solutions of 

v t + F(D v,(D 2 v)*)=0. 

respectively, in O t = O x (0, T) satisfying f < g on O t and /* = g* on dO T = (Ox {0}) U (dO x [0, T)). 
Then there is a viscosity solution u of (|3. 12|) satisfying u 6 C{Ot) and f < u < g on Ot- 

Theorem 6. Let & be a Carnot group, O C G be bounded, and O t = O x (0,T). Suppose F : K mi x 
S mi (R) — > R is degenerate elliptic. For given g € C{&Ot) there is at most one solution u of 

v t + F(D v,{D 2 Q v)*) = 

in Ot with u = g on dOr ■ 

In order to use the comparison principle for an unbounded domain, Theorem [2[ we need to have the 
existence of a function ho(x) satisfying the hypothesis. Because of the strong relationship between the sub- 
and supersolutions and this ho, we save the existence of a continuous viscosity solution to (|3.3p on G x [0, oo) 
satisfying given initial conditions for the specific example of the horizontal Gauss curvature flow equation 
given in the next section. 

4. Application to the Horizontal Gauss Curvature Flow Equation 

Our goal is to prove the existence of viscosity solutions to the parabolic equation which describes the 
horizontal Gauss curvature flow of the graph of a continuous function u. To do this, we need to introduce 
some more notations and develop a formula for the horizontal Gauss curvature of such a surface. These 
ideas were first developed by D. Danielli, N. Garofalo, and D.-M. Nhieu in [16] and studied further by L. 
Capogna, S. Pauls, and J. Tyson in [9], R. Hladky and S. Pauls in [23], Danielli, Garofalo, and Nhieu in [15] . 
and Selby in [36] . In the next section we follow [9] in the development of the definition of the horizontal 
second fundamental form from which follows the definition of the horizontal Gauss curvature. 
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4.1. Hypersurfaces in Carnot Groups and Horizontal Gauss Curvature. For each L > we de- 
fine Riemannian metrics gL, the anisotropic dilations of the metric g, characterized by gi,(Xi t i,Xj t i) = 
g{X itl ,X jtl ) = Sij, g L {X it i,Xj ik ) = gL{Xi t \,Xj t k) = for all k ^ 1 and for all i,j, and g L (X itj ,X k j) = 
L 2/l S ik Sji for all j, I ^ 1. We define a new, rescaled frame which is orthonormal with respect to gL- 

where X t = X it i and Xjj = L^ 1 ^ Xij for 2 < j < r. 
Let M be a smooth hypersurface in G given by 

M = {x e G : = 0} 

where u : G — > ffi. is a smooth function. Denote the characteristic set of M by S(M) = {x e M : H X G C 
T X M} where H X G is the horizontal space of G at x and T X M is the tangent space to M at X. 

Definition 9. For any non- characteristic point, the unit horizontal normal to M is defined as the normalized 
projection of the Riemannian normal to the horizontal subbundle. In the Tf frame it is given as 

{X 1 )uX 1 + ■ ■ ■ + {X mi u) 

Vq - 



KX^uX, + ■ ■ ■ + (X mi u)l 
Letting 

D L u 

vl = 



\D L u\ 

denote the Riemannian unit normal (with respect to <?l), we note that 

lim v L = v 

L^oo 

uniformly on compact sets of M\S(M). We next consider the basis for TG\m adapted to the submanifold 
M: 

where {Zi} is an orthonormal basis for TM in the metric gL- 

Definition 10. The Riemannian second fundamental form of M in the coordinate frame in (M,gi,) is 
given by 

"f !:r (^"/-^ ,.).., , 

where V is the Levi-Civita connection associated to gL- 

At any non-characteristic point we set 

rr vl - (vl,vq)l v o i 
J-a — -j 7 r Lj 

\VL - \ V L i V ) L Vq 

aL = {vl,vq) l 

and 

b L = (v L ,T ) L . 

Thus 

v L = a L iso + &lT . 

We now define a new basis. 

Definition 11. Let (G,<?l) be as above and M be a smooth hypersurface in G given as a level set of a 
function u : G — > R. Then 

J 7 f' 9L — {e , ei, . . . , e mi _i,Ti, . . . , T„_i, i^l} 
is a basis for TG\m\e(m) o/ i/ie /orm .T-f', where 

eo = &l^o - ai,To, 

{ei, . . . , e TO1 _i} is an orthonormal basis for HM = TM n HQ, and {T\, . . . , T n _i} is an orthonormal basis 
for VM = TM nVG. 

Now we are ready to define the horizontal second fundamental form. 
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Definition 12. Given a smooth hyper surf ace M C (G, g£) and the adapted basis !Ff , we define the horizontal 
second fundamental form at any non- characteristic point as 



Note that the horizontal second fundamental form is not necessarily symmetric. 

Definition 13. Let M C G be a smooth hypersurface and denote by (IIq 1 )* its symmetrized horizontal 
second fundamental form. The horizontal principal curvatures kt, ■ ■ ■ , k mi -i of M at a point x £ M are the 
eigenvalues of (IIq 4 )* . The horizontal Gauss curvature Gq 1 of M at x is det [(Jig^)*] . 

For a more detailed development of the horizontal Gauss curvature of hypersurfaces in Carnot groups we 
refer the interested reader to [9] and [8]. 

4.2. Horizontal Convexity in Carnot Groups. In order to proceed, we need to define an appropriate 
notion of convexity in Carnot groups. The theory was first developed by D. Danielli, N. Garofalo, and D.-M 
Nhieu [16], and independently by G. Lu, J. Manfredi, and B. Stroffolini [31], and further studied by L. 
Capogna, S. Pauls, and J. Tyson in [5] and P. Juutinen, G. Lu, J. Manfredi, and B. Stroffolini in [29]. 

Definition 14. ( |16[ Definition 5.5]) Let G be a Carnot group. A function u : G — > R is called weakly 
H-convex if for any g £ G and every A £ [0, 1] one has 



Geometrically this definition gives us that a function u £ C X (G) is weakly H-convex if and only if for 
every g & G the graph of the restriction of u to H g G lies above its tangent plane at £i (g) where we have let 
g = exp(£i(g) H Kr(sO)- 

Because of the nature of the horizontal Gauss curvature flow problem, we would like a way to describe 
the weak H-convexity of u in terms of its horizontal Hessian. 

Theorem 7. [16} Thm. 5.12] A function u £ C 2 (G) is weakly H-convex if and only if (Dqu)* is positive 
semi- definite for every jgG. 

Since we will be working with the graph of u in G x R, we will need the following theorem as well: 

Theorem 8. [9j Cor. 4.4] Let G be a Carnot group. A smooth function u : G — » R is weakly H-convex if 
and only if (IIq )* is positive semi-definite where Q(u) — {(x, s) £ G x R : u(x) — s — 0} is the epigraph 
of u. Similarly, u is strictly weakly H-convex if and only if (IIq )* is positive definite. 

This gives us several different ways of determining the weak H-convexity of the function u. We would 
also like to understand the weak H-convexity of a set. Further, as u yields the description of the surface in 
terms of level sets, we would like to relate the weak H-convexity of the set given by the epigraph of u with 
the weak H-convexity of u. 

Definition 15. [TBI Definition 7.1] A subset A of a Carnot group G is called weakly H-convex if for any 
g £ A and every g' £ A n H g G one has g\ = gS\(g~ 1 g') <E A for every A e [0, 1]. 

Geometrically, this definition means that A is weakly H-convex if for any g £ A, the intersectino of A with 
the horizontal plane H g G is starlike in the Euclidean sense with respect to g at the level of the Lie algebra. 
With this definition, we have the following proposition: 

Proposition 9. [TBI Proposition 7.6] Let G be a Carnot group. Given a weakly H-convex subset A C G, 
a function u : A — > R is weakly H-convex if and only if epi u = {(x, s) £ G x R : u(x) < s} is a weakly 
H-convex subset o/GxR, 

4.3. Evolution of Surfaces in G. Let G be a Carnot group. If u is a smooth function in x, for each time 
t we consider the hypersurface 




«(^A(3 _1 ff)) < (1 - AM.9) + \u(g') for every g' £ H g G. 



M t = {x £ G : u(x,t) = 0}. 
Let Gq 1 * (x) denote the horizontal Gauss curvature of M t at x given by 

Gf*(x)=det [(II M r(x)_ • 
Fix t > and consider x £ M t . Then the evolution of the point x is given by 



f x(a)=-G™"{x(<j))vQ(x(a),a) 
\ x(t) ~ x. 
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Since x(a) £ M a for some a > t we have 

u{x(a), a) = 0. 

Therefore 

(Du(x(a), a), x(a)) + u a {x(a), a) = 0, 

Du(x(a),a),-G^{x{a))u (x(a),a)) + u a (x{a),a) =0 
where Du is the Euclidean derivative of u. If Xi = Y^jLi a i,j9 Xj , we define 

0-1,1 ■ ■ ■ a l, 

A = 



i.e 



flmi,l 



Then, 



Du(x(a),a),-G^(x(a)) 



A T A{Du) 
' \A(Du)\ 



\A(Du)\ 
G^(x(a)) 



(A(Du),A(Du)) 
\A(Du)\ 2 



\A(Du)\ 



G^(x(a))\D u\ 



Therefore, 



(4.1) 



u a (x(a),a) = G^(x(a))\D u\ 



det 



M„ 



\D Q u\ 



Now we would like to have an explicit description of G " in terms of Dqu and (D^u)* . From [9] we have 
the following proposition. 

Proposition 10. ([9, Proposition 3.13]) Let u : G — > R foe a smooth function and M — {u(x) = 0}. Let 
^4 = [^3 — > JFj 3 ] 6e £/ie change of basis matrix from J-f to . We have the following identity of bilinear 
forms: 

\D u\(Il£ 4 y = (A T (D 2 u)*A)\ HM 
at non- characteristic points. Here HM = TM n HG as before. 



Therefore, 



det((// M T) = det (j^-XDlun 



VI AH 

In order to have a "nicer" expression for the above determinant, we need to better understand the restriction 
of {Dqu)* to HM t . Notice that {Dqu)* is a bilinear form on HG\M t , a series of standard computations yields 



det 



det 



\D u 



(I mi -v ® v )(D u)*(I mi - v ® v ) +v ®v 



Combining this with (|4.ip we obtain the following equation describing the horizontal Gauss curvature flow 
of the original surface M : 

1 



(4.2) 



u t = \Dqu \ det 



\D u\ 



Example 4. Self- similarly shrinking cylinder Let G be a Carnot group of step r and for Rq > let 
(4.3) u(x,t) = \x H \ 2 -(- mi t + R^) 2 /^ 

Then the level sets 

M t = {x: u(x,t) = 0} 
M = {x : u{x,0) = 0}. 

are products of a sphere in V 1 with V 2 • • • V r . Notice that the function's spatial term only depends on 
variables from the first layer. Thus its horizontal Gauss curvature reduces to the Euclidean Gauss curvature 
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in K™ 1 . This yields that u is a solution to (|4.2[) away from those points at which Dqu = 0, known as 
characteristic points. However, M t does not contain any characteristic points. In particular, we see that 

u t = 2(-TO 1 t + i?™ 1 ) 2 / mi " 1 

and 

|AHdct[(// M T] = 2(-mi+R" Q ll ) 1/mi " — 

(-mi+i?™ 1 ) — 

= 2(-™ 1 i + i?™ 1 ) 2 / 1 " 1 - 1 . 
Finally, observe that M t gives a self-similar flow of 

M = {x : u (x) = \x H \ 2 -Rl = 0}. 

In particular, M t = S\(t)Mo where A(i) = - — • 



Notice, that (|4.2p has a singularity whenever Dqu = 0, i.e. at characteristic points of M t . Even in the 
Euclidean setting, in which the equation has the same form except Dqu is replaced by Du and (Dqu)* is 
replaced by D 2 u, this singularity poses significant difficulties. In particular, we first notice that the definition 
of viscosity solution as it is stated makes no sense when D u = 0. In the Euclidean setting, an extended 
definition of viscosity solution is used (see |20[ Section 2.1.3], [27], [26]). However, for Carnot group is it 
still unclear what the appropriate extension should be. Because of this, we will restrict ourselves to the case 
when M t is guaranteed to have no characteristic points, i.e. when M t is a graph. 

4.4. Evolution of Graphs in G x M. Consider the Carnot group GxR with coordinates (x, s), x € G, 
s S K.. On the level of the Lie algebra, this corresponds to adding a single vector field, denoted S = Jj, to 
the first layer of the grading. If u is a smooth function in x, for each time t we consider the graph: 

Q t (u) = {(x, s) e G x E : u(x, t) - s = 0}. 

The unit horizontal normal uq to Qt(u) is given by 

Dqu — S 



(4.4) vo 

It is given in [9l Theorem 4.3] that the horizontal Gauss curvature of Qt{u) is given by 

det [(£)««)*] 



det 



{II^ U) 



mi+2 ' 



Following the same development as in the previous subsection we obtain 

u t = Vl + lA^Pdet [{II Q Q t{u) Y 
Thus the equation describing the horizontal Gauss curvature flow of the graph of u is given by 
(4.5) u t = y **(W> . 

In order to apply Theorem [2] to Q4.5[l . it is necessary that 

det((D 2 u )*) 



F(D u, (D 2 u) 



y/l + \D u\- 



mi+l 



be continuous, degenerate elliptic and satisfy the property that if u(x, t) is a viscosity subsolution then 
Hu{x,9t) is a viscosity subsolution for e (0,1) and € (0,1) satisfying 9^ < - mi ^ 1 ' 1 < 1. Since the 
continuity of F is clear, our first problem is degenerate ellipticity. However, equation l|4.5p does not satisfy 
this condition in general. To remedy this, we introduce a new problem for which degenerate ellipticity does 
hold. 

For any X e 5 mi (M), define 

mi 

det + X = TT max{Ai, 0} 
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where {A^} denotes the eigenvalues of X. We then redefine the function 

Vl + \D u\ 2 ) 



and consider the problem 

(4.6) u t = de M(^)*) 



y/1 +\D u\ 



mi+1 



Recall that in the Euclidean setting, the Gauss curvature flow preserves the strict convexity of the original 
surface. This yields the equivalence of the modified and original problems as long as the original surface is 
strictly convex. In general, the proof relies heavily on the comparison principle as we must obtain information 
concerning u{x, t) for t > from u(x, 0). For the setting of Carnot groups, we begin with the corresponding 
theorem pertaining to functions u : fl x [0, T) — ► M where fl C G is bounded. 

Theorem 11. Let G be a Carnot group. Suppose u:Ox [0,T) — > R, where Cl C G is bounded, is a smooth 
solution to 



(4.7) 



Ut = — ; — (*) 



u(x,0) = uq(x) on £1 
u(x,t) = g{x,t) on dfl x [0,T) 

where g{x,t) is such that gt{x,t) > 5 > /or {x,t) £ dQ x [0, T) and uo(x) is strictly weakly H-convex. 
Then u{x,t) is strictly weakly H-convex for each fixed t > 0. 

Proof. For this proof, we will follow P. Marcati and M. Molinari [33l Lemma 2.4]. First we differentiate (*) 
with respect to t. Using Jacobi's formula for the derivative of a determinant we get 

(mi + l)dflt+((Dgti)* 



u u = 



(i + |AH 2 ) : 



Letting u t = v we rewrite the above equation. 

-(mi + l)det+((Dgu)*) / 



det + ((D* U y) ^ [ ((jD 2 u) *)-i] .AiDfa)*] 



(1 + |AH 2 )^ +1 
det + ((D 2 uy) 



Our goal is to apply the viscosity theory of the previous section to 

(I + \D u\ 2 )^ +1 

(Vl + |AH 2 ) mi+1 ^ L ° JjI 3 

In order to do so, we must have that F is degenerate elliptic. Let M,N G 5' mi (R) such that M < N. 
Notice that this is equivalent to requiring that TV — M is positive semi-definite. We want to show that 
F(Z,N) < F(£,M). From (l4~8l) . 

det + (P»*) mi 
(v/l + |AH 2 ) mi+1 

Recall Fejer's theorem pH Corollary 7.5.4]: H™/ =1 [((L> 2 u)*) -1 ] (JV - M)y > for any positive semi- 
definite (N-M) if and only if (((D^u)*)- 1 ) 1 ^ is positive semi-definite. Noticing that F(£, M) — F(£, N) = 
unless (Dqu)* is positive semi-definite and that (((Z?ou)*) _1 ) T is positive semi-definite whenever (Dqu)* is, 
Fejer's theorem yields F(£,N) < F(£,M) as desired. 
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Since u is strictly weakly H-convex by assumption, we have that the eigenvalues of (J/^ ^ ))* are strictly 
positive. Therefore, 

v(x, 0) = u t (x, 0) = y/l + |D "| 2 det((// e ° (tlo) )*) > 5 > 0. 
Further, by our hypothesis, 

v(x,t) = u t (x,t) = g t (x,t) > S > for < t < T, x e dtt. 

Combining these, v(x,t) > 6 > on {dil x [0,T)) U (fi x {0}). Therefore, by Corollary^ 

0<v(x,t)=u t (x,t) = ^l + \D u\ 2 det((II^ {u) y) 

for (x, <) 6 f2 x [0, T). Finally, by the continuity of the eigenvalues, we have that the eigenvalues of (IIq* ')* 
are strictly positive and that u{x,t) is strictly weakly H-convex for all t. □ 

In order to extend this proof to u : G x [0, T) —> M, we immediately see that the comparison principle 
in this case relies on the existence of the function hg described in Theorem [2 Because of this, we have the 
following theorem concerning the preservation of convexity for unbounded domains. 

Theorem 12. Suppose that u is a smooth solution to 

< = d Ct+ (o^n w 
<^ (Vi+iBo«i 2 ri+ i 

{ u(x, 0) = uo(x) 
such that uq is strictly weakly H-convex and 

-(mi + 1) G(A)U0; (£)2 UQ )*) X t u X t G(D u , (£>^o)*)J 



1 + \D u Q \ 

G(D u ,(D 2 u y) [i(Po«oTr% {D 2 G(D u ,(D 2 u y)y 



> o 

ij 



where G(DqUq, (DqUq)*) = — dct +(( £ 'o M o) ) ^ Further suppose that there exists 

(y / l+\D u \ 2 ) m i + 1 
1 9 



ho(x) <E C(G) such that ho(x) > eo|:c| 2 , r! for all x 6 G and for some eo > and that 



sup \u t {x.t) — h${x)\ < 00. 
(i,t)6Gx[0,T] 

Then u is strictly weakly H-convex for all t. 

Proof. We will again follow the idea of the proof Marcati and Molinari [33, Lemma 2.4]. Differentiating (*) 
with respect to time and letting v = u t we have: 



-(mx + l)det + ((I>gu)*) 

V t . ... mi+l 



(1 + |^ 0U | 2 )^- 

det+(( J D2 M ) 



mi 



As in Theorem [HI we can show that 

(1+|AH 2 )^ +1 1 



det + ((£>gu)*) 



\i=l 
7 / ? 1 



'- — V IdD^u)*)- 1 ] ..Mi, 



is degenerate elliptic. Further, if w is a subsolution to (|4.9p . so is fiv(x,6t) for all /i, 9 £ (0,1). Since uo 
is strictly 
Therefore, 



is strictly weakly H-convex by assumption, we have that the eigenvalues of (/ I^ 0<yU °^ )* are strictly positive. 



v(x, 0) = u t (x, 0) - Vl + lA^ol 2 det((// eo(uo) )*) > S > 0. 
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Define <p{x,t) := v(x, 0). Therefore, cp(x,0) — v(x,0) and <p{x,t) > for all x, t. Further, by our hypothesis, 

-F{D Q <p,{D 2 <p)*) = -F(D v,(D 2 v)*)\ t=0 
= vt(x,0) 
= u tt (x,0) 

-(mi + l)det+((£>gM )*) 
(l + \D u \ 2 )^+ 1 

/ mi 



det + ((D 2 u )*) 
(v/l + |A^o| 2 ) roi+1 



dct + ((D 2 u )*) 
(v/l + l^owol 2 )" 11 



+i 



• £ [((23g«o)')- 1 ] ; 
«j=i 
> 0. 

Therefore ip is a subsolution. Also by our hypothesis, 




det+((Dg«o) 



(VI + ] A^o] 2 ) mi+1 



sup t) ~ ho(x)\ + \v(x, t) — ho(x)\) < oo. 

(x,t)eGx[0,T] 

By Theorem [2] 

< p(a;,t) < =ut(a;,t) = y/l + \D u\ 2 det((JJ 9t(u) )*) 

for (x, i) e x [0, T). Finally, by the continuity of the eigenvalues, we have that the eigenvalues of (IIq U ')* 
are strictly positive and that u(x,t) is strictly weakly H-convex for all t. □ 

Using either Theorem Qj] for bounded domains or Theorem [12] for unbounded domains, each with the 
appropriate hypotheses, we have that the modified problem is equivalent to the original horizontal Gauss 
curvature flow problem whenever uq is strictly weakly H-convex. Thus in this situation it makes sense to 
apply our viscosity theory to the modified problem which possesses the degenerate elliptic property we desire. 

Finally, it is an easy computation to see that if u(x, t) is a viscosity subsolution to the modified problem, 
then so is fj,u(x,dt) for 6 € (0,1) and \i E (0,1) satisfying 9 f i" ( - mi -^ < 1. Then using Perron's Method 
and the comparison principle, we have the following theorems concerning the existence and uniqueness of 
continuous viscosity solutions. 

Theorem 13. Let G be a Carnot group. Let h € C(G) be such that 

sup \h(x) — ho(x)\ < oo 

G 

and for each e 6 (0, 1) there exists a constant B e > such that 

\h{x)-h(£)\ <e + B e ho{C l x) 
where ho € C 2 is as in Theorem® and satisfies 

det + ((D 2 h )*) 



C > 



mi + l 



(yi + IA)M 2 ' 

for some constant C > and ho(Q) — 0. Then there is a viscosity solution u £ C(G x [0, oo)) of 

(Vi+IAH 2 ) 
u(x, 0) = h{x) for x S G 



(4.10) 



Proof. The idea for this proof follows from [26| Theorem 2.7]. First we will construct a viscosity supersolution 
of fCTO]! . Define 

w(x,t) = h (x) + Ct for (x,t) € G x [0,oo). 

Then by our assumptions on h , wis a viscosity supersolution. Further, for each (eG, w((~ 1 x, t) is also a 
viscosity supersolution. 
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Let e G (0, 1) and define 



f(x,t)= inf {h(£) + e + B e w{C 1 x,t)}. 

5eG,eG(0,l) 



By construction, each h(^) + e + B e w(£_ l x,t) is a viscosity supersolution. By Lemma ??, f{x,t) is a viscosity 
supersolution. Notice that also by construction, 

f(x,t) < h{x) + e + B t Ct 

and 

h{z)-h{^)<e + B t h a {C 1 x)<e + B t h {C 1 x) + Ct =>■ h(z) < f(x, t). 

Therefore 

h{x) < f(x, 0) < h{x) + e Ve G (0, 1). 

Thus h[x) = f(x,0). Further, 

sup \f(x,t)-h (x)\ < sup (\f(x,t)-h(x)\ + \h(x)-h Q (x)\) 

(x,i)eGx[0,T] (i,()eGx[0,T] v ' 



< sup (\e + B e Ct\ + \h(x) - h (x)\) 

(t llcCyln Tl \ ' 



(x,t)€Gx[0,T] 
< CO. 

Now to construct a viscosity subsolution we set 

z(x, t) = h(x) V(i, i) G G x [0, oo). 

Let <y9 S C 2 ' 1 be such that z(x,t) — >p(x,t) has a local maximum at (x,t). Notice that since z(x,t) is 
differentiable in t we must have z t = (fit = 0. Therefore, 

/- r\ n< . det + ((J>gy(s,t))*) 
^(a?,«) = < r"mT+T " 



^/l + lUo^i,*)! 5 



Thus we have that z(x, t) is in fact a viscosity subsolution. Further, z[x, t) satisfies the hypotheses both 

parts (i) and (ii) of Theorem [2] by construction. 

By Theorem 01 there exists a solution u to (|4.6p such that 

z{x,t) < u(x,t) < f(x,t) V(x,i) eGx (0,oo). 

This inequality shows that 

u* < /* = h* = h* < ti„ on G x {0}. 
By Theorem [21 «* < a, on G x [0,oo). Thus we have that u € C(G x [0, oo)) and 0) = /i(ar) on G. □ 

Theorem 14. Let G be a Carnot group of step r. Suppose ho : G — > K is shc/i i/iai ft-o € C(G) and 

fto(x) > e |x|f ! Vz G G. 

// u and v are continuous solutions to 

= det + ((Dg, n mGx(0 ,oo) 
(Vl+IAH 2 ^ 



sttc/i i/iai /or eac/i T > 



i/ien w = u on G x (0, oo) . 



u(x, 0) = h(x) for x G 



sup (|u(a3, f) — /io(^)| + \v(x, t) — ho(x)\) < oo 

(x,i)eGx[0,T] 



Proof. Let u and u be solutions satisfying the hypothesis of the theorem. Considering u as a subsolution 
and v as a supersolution, Theorem [2] yields «<nonGx (0,oo). Considering v as a subsolution and u as a 
supersolution, Theorem [2] yields v < u on G x (0, oo). Thus u = v on G x (0, oo). □ 
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Note that if h(x) satisfies the hypothesis of Theorem [13] and u and v are constructed using the methods 
of Theorem UHl then u and v satisfy 

sup (\u(x, t) — h Q (x)\ + \v(x, t) — ho(x)\) < oo 

(oc,i)eGx[0,T] 

by construction. This is because such solutions u satisfy: 
sup \u(x, t) — ho{x)\ 

(x,i)eGx[0,T] 





sup 


\u(x, t) + 




(x,t)SGx[0,T] 




< 


sup 


(\u(x,t) - 




(x,t)eGx[0,T] 




< 


sup 


(l/OM)- 




(x,t)eGx[0,T] 




< 


sup 


(!/(*> *)- 




(x,t)eGx[0,T] 




< 


00. 





4.5. Example in H-type Groups. Recall that the above theorems and constructions rely heavily on the 
existence of a function h n : G — > M having the properties that /io € C 2 (G), /io(0) = 0, 

h (x) > e \x\ 2 g r - Wx e G 

and 

det + ((£>gfe (a;))*) 
(^/l + \D h (x)\2) 

for some C > 0. In this section we will give an explicit example of such an ho for H-type groups. 

Let H be an H-type group (see Example 1.3) with Lie algebra given by Ij = V 1 @V 2 such that {Xi, . . . , X„ n } 
forms an orthonormal basis of V 1 and {Y\, . . . ,Y n } forms an orthonormal basis of V 2 . For each let 
v{x) = V 1 and z(x) — V 2 such that x — exp(v(x) + z{x)). Let 

hv{x) = (\v{x)\ i + l&\z{x)\ 2 )>\x\ i g . 

Notice that ho € C 2 (G) and /io(0) = by construction. Thus it remains to be shown that there exists C > 
such that 

det + ((D 2 h (x))*) 



C > 



roi+l 



With this in mind, we consider the following. 
Recall 

d 

X iU (x) = — u(xe sX *)\ s=0 
and that in a Carnot group of step two, the Baker-Campbell-Hausdorff formula yields 

e x e Y = e x+Y+ ^ [x ' Y] . 

Let ifj(s) = ho{xe sXj ). Then Xjh(x) = yl-(O). Further, by the Baker-Campbell-Hausdorff formula, 

v(xe sXl ) = v(x) + sXj and z(xe sX i) — z(x) + ±[v(x),sXj]. This yields 

<Pi{a) = \v(x) + sX 3 \ A + l&\z(x) + ^(x),X,]| 2 . 

Using only the fact that we are in a step two group, 

i P ' J (0)^4(\v(x)\ 2 (v(x),X J )+4(z(x),[v(x),X 3 })). 
Then by the fact that the group is of H-type, 

^■(0) = A(\v(x)\ 2 (v(x),X j ) +4(J z(x) v(x),X j )) . 
Using the properties J z ( x )v(x), 

■mi m i 

E(^(°)) 2 = Y,lH{v(x)\v(x)\ 2 +U z(x) v(x),X j )) 2 

3 = 1 3=1 

= WHx^lhoix)^ 

Therefore 

\D (h (x))\ 2 = 16\v(x)\ 2 \h (x)\ 4 . 
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Further, 

(Dl(ho(x))y..=8(v(x),X i )(v(x),X j ) +4\v(x)\H lJ + 8{[v(x),X j },[v(x),X i }). 
To bound the determinant of (-Dq(/io (#)))* we will need the following: 

mi n mi 

j=l i=l j=l 

n mi 

= EE^^)'^) 2 

»=i j=i 

x)\ 2 



Ei J ^( 

n 

El^l 2 !^)! 



=1 

|2 



= n|i;(a;)|' 
Using this we get 

mi mi 

det ((Dl(h (x)y) < H^\(Dl(h (x))Y.. 

»=i j=i 

mi / mi 



^ n E( 8 i^)-^-)i 2+8 iM a: )' x *)i 2+8 i^),^]i i 
i=i \j=i 

8|b(ar),^]| 2 +4|^(ar)! 2 ) ) 



i=i \j=i 

+ 



and 

Therefore 



^ C U E (IM*),*i>l 2 + IN*),*,]! 2 + 4K*)| 2 ) 
»=i \j=i 

mi 

= C\{{\v(x)\ 2 + mi \v(x)\ 2 +n\v{x)\ 2 ) 
i=l 

= C(ro 1 ,n)KaO| 2,ni 
|^o(^o(x))| 2 = 16Kz)| 2 |/io(*)| 2 > 16|«(x)| 6 . 



det+ ((D 2 (h (xW) < det+ (p 2 (fe (x)))* 



mi + 1 — / , \ mi+1 

|w(x)| 2mi 



(VT+WMl 1 )'"' (vi + i6K a 



mi + 1 



< C{m\,n) — 

(Vl + 16Ka;)| 6 ) 

< C{m\,ri) 

Thus for H-type groups, we have the following theorem concerning the existence of continuous solutions 
to the horizontal Gauss curvature flow equation. 

Theorem 15. Let H be an H-type group with Lie algebra given by tj = V 1 ® V 2 . For each x € H, /ei 
u(a;) = and z{x) — V 2 such that x — exp(v(x) + z{x)). Define h (x) = (\v(x)\ 4 + 16\z(x)\ 2 ) > \x\g. Let 
h e C(G) be such that 

sup \ h(x) — ho(x)\ < oo 

G 

and for each e G (0, 1) there exists a constant B e > such that 

\h{x)-h{£)\ Ke + BthoiC 1 *)- 
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in G x (0, oo) 
for x £ G 
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